The paper introduces a cohomological approach to the outer conjugacy problem in ergodic theory. Specifically, the following fact is proved: up to an isomorphism of an approximately finite type II ergodic full group there exists only one cohomological class of cocycles with dense range in a given amenable group. This result is used to establish outer conjugacy for strictly outer actions of continuous unimodular amenable subgroups of the normalizer of the full group generated by an ergodic type II automorphism. As a special case we show that outer conjugacy of compact groups reduces merely to conjugation. Besides that the correlation is established between the automorphisms of a principal groupoid with continuous orbits and ones of its discrete reduction. Also the correspondence is found between the automorphisms of groupoids with continuous orbits and those of the associated von Neumann algebras.
simple complete system of invariants for conjugacy can hardly be found.
It became clear later that it is important to study the orbit equivalence for actions of (possibly different) groups on a Lebesgue space. A significant progress in this sphere was advanced in works of W. Krieger [22] and T. Hamachi, Yu. Oka, M. Osikawa [17] . Now one has that the ergodic actions of any two discrete amenable groups with a finite invariant measure are orbit equivalent [5] . A similar result is valid also for a class of continuous amenable unimodular locally compact separable (l.c.s.) groups [28] .
As soon as the orbit equivalence classes of amenable group actions were described, the problem of studying the outer automorphism groups of amenable equivalence relations came up, and first of all the problem of outer conjugacy of such groups (see the definition in § 3). The first result in this field was obtained by A. Connes and W. Krieger [6] , where they described the complete system of invariants for outer conjugacy of Z-actions in the normalizer of the full approximately finite group [F] in the case when the /"-action is of type II. After that a similar problem was solved for a transformation group F of type III [1] , and in [2] , [3] a complete system of invariants was obtained for actions of countable amenable groups in the normalizer of an approximately finite ergodic full group of an arbitrary type. The outer conjugacy for actions of countable groups were also studied in [33] . The outer conjugacy problem for continuous transformation groups was never considered before.
It should be noted that the outer conjugacy is also extensively studied for automorphism groups of von Neumann algebras (see for instance [4] , [21] , [26] , [35] ). However, for the case of continuous groups, except compact Abelian ones [21] , the worthwhile results are still unknown.
We approach the studying of outer conjugacy problem by proving the uniqueness theorem for cocycles of an ergodic type II automorphism with dense ranges (see [14] and Theorem 1.5 of this paper). This theorem is also of some independent interest. It claims that up to an automorphism of the full group there exists only one cohomological class of cocycles with dense ranges in a fixed amenable group.
In § 2 we establish a correspondence between the automorphisms of measure groupoids with continuous orbits and ones of their discrete reductions and the associated von Neumann algebras (see Theorems 2.4, 2.7 -2.8). We also describe how to form the semidirect product of a measure groupoid with discrete orbits by a continuous l.c.s. group of its non-strict automorphisms (Remark 2.2).
§ 3 contains the proof of the main result concerning outer conjugacy for strictly outer actions of continuous unimodular amenable l.c.s. groups (Theorem 3.3). The case of compact groups is considered separately in § 4. It will be shown that outer conjugacy of such groups reduces merely to conjugation by means of some transformation from the full group normalizer (Theorem 4.1; cf. [38] ). Finally, we prove in Appendix that the equivalence relation generated by an ergodic automorphism T together with an amenable subgroup of N [T] , is approximately finite (Theorem Al).
The present paper is a mildly expanded version of our preprint [37] . § 1. Uniqueness Theorem for Cocycles with Dense Ranges
We begin with recalling some definitions. Let (5, p) be a Lebesgue space and 3) a non-singular countable transformation group of (S, //). Then one can consider the full group [3)] of automorphisms 7 on (S, IJL) such that rs^{cos: o)^3)} for a.a. s^S [6] . In the case when 3) is generated by a single transformation T we shall write [T] to denote the corresponding full group. The 3)-action on 5 and the full group [3) ] are said to be of type Hi (IL,) if there exists a finite (infinite ) ^-invariant measure, equivalent to p..
The normalizer N[3)] of the full group [3)] is formed by the automorphisms #<EAut (S, //) with the property 0~l[3)]ff = [d)]. Assume that [3)]
is of type Hi, and p. is ^-invariant, then any 9^N [3) } is /^-preserving. In the case of type ILo one has v°d = (mod d)° p, for some positive number modd [6] .
Suppose a l.c.
s. group H acts ergodically on a Lebesgue space (X, v). A Borel map x: H x X-* G is called a cocycle of a dynamical system (X, v, H) with values in a l.c.s. group G if 7c(h 2 hi, x) = x(h 2 , h\x)n(h\, x)
for all hi, hz^H at a.a. x^X.
Two cocycles n and r are said to be cohomologous if r(h, x)=g(hx)~l7r(h, x)g(x) for some Borel function g\ X-+G for all &£E H at a.a. x^X.
Let fjtc be the left Haar measure for G, then one can define a //-action on (GxX, A*cXy) as follows: h(g, x) = (x(h, x)g, hx) for h^H, (g, x)^G x X. We call it the skew producO action and denote by G x n X. In the case when this action is ergodic, the cocycle n is said to have a dense range in G [24] .
Let F = {0,1} be a two element set with a measure v defined by y({0}) = y({l}) = l/2, then one can form a Lebesgue space (X, p) = ( Y, v) N with N being the set of positive integers. (X, p) admits a countable Abelian measure preserving transformation group F generated by the automorphisms dk, k^N, given by for every sequence of O's and 1's The dynamical system (X, ^ F) is orbit equivalent to an ergodic type Hi automorphism [34] , [5] , and hence every cocycle of the latter can be transferred to (X, p., F). Let G be a l.c.s. group, then by [13, Since B n^Bn +i and \Jn=\B n = X (mod 0), the correlation g n +k(x)g n (xY l e W n for x^Bn implies that g n (x) converge a.e. to a function g(x) as ^->oo. Let ^>^, then 
under an appropriate choice of k. Construct as before related to f automorphisms Si on F a , with order 2, a + l< i<p, and then extend them onto jF a for every r^F a by formulae rdiY~l. Thus we obtain new automorphisms with order 2 on X which commute in pairs with each other and with formed before S z -'s. As above, associate with newly formed transformations the functions /,•: X^G (see It follows from our construction that by the choice of p the set B\ is approximated by the /V invariant ^-algebra generated by F P in measure up to 1/2. This completes the first step of our construction (m z =p).
Repeat this procedure making the approximation more and more exact.
At the n-th step 7* is approximated in the metric d by the group
. Furthermore, at the n-th step B n i=\ is approximated in measure by the /^-invariant finite (7-algebra generated by Fm n up to 1/2*. This guarantees the coincidence of the initial Borel a-algebra on X with the a-algebra generated by the Increasing sequence of finite a-algebras associated with F mn , n^N.
The functions / \(x) and pi(x) formed above satisfy the conditions of Lemma 1.2, so that if we denote by n the cocycle determined by {pi(x)}?=i, then TT is cohomologous to a. Besides that n has a special form with 00 r espect to the dynamical system (X, IJL, U Ft).
Q.E.D.
The following uniqueness theorem shows that any two cohomology classes of cocycles of an approximately finite full group [d)} of type Hi with dense range in a given amenable group differ from each other by an automorphism in the normalizer N [9) ] of the full group. The existence of cocycles with dense ranges was established in [20] , [14] , [15] . Proof. In virtue of Lemma 1.3 one may assume that a and /? take values in a countable dense subgroup HdG. We shall reduce simultaneously a and /3 to a special form, and a significant part of our argument will resemble some phases of the proof of Lemma 1.4. There-fore we shall omit details referring the reader to the corresponding steps of the proof of the previous theorem.
Denote by tB z -}~=i, {rJ?=i and { Wi}"=i the same as in Lemma 1.4. Fulfil for a cocycle a the first step of the construction described in the proof of the preceeding lemma. Thus, we construct the pairwise commuting automorphisms dt a on X with order 2, 1< i < mi. For every / fix a fundamental set F,-of the group IT*, generated by d\ 
then it follows from (1.10) that
Moreover, (1.11) implies the following correlation: 
Let a and 0 be the cocycles corresponding respectively to <J,-ff , pi*(x) and 8f, P/(x). Then it follows from (1.9), (1.12), (1.13), (1.14) and Lemma 1.2 that a is cohomologous to a, and 0 is cohomologous to 0. The approximation of the Borel tf-algebra on X we have made in our construction implies that almost every point x^X coincides with the 00 intersection of all the cylinder sets corresponding to the group U/T, which 1=1 contains this point:
Evidently, this intersection is non-void iff 7
(1 and the latter condition is equivalent to the following one:
for some sequence {£,•}"=! e{0, 1}^. Thus we have the Borel isomorphism Qa\ X->{0, 1}* that takes a.e. point x^X into the associated to x by (1.17) sequence {rj~=ie{0,lp.
oo
Let dp. X-»{0, 1}^ be a similar isomorphism related to the group \JFf. Proof. The F-action on Y is orbit equivalent to the Fx Z-action on X x Z, with (X, ft, F) being the dynamical system described at the beginning of this section, and Z acting on itself by translations. Therefore a and /3 can be transferred to the Fx ^-action. Change a and (1 to the cohomologous cocycles which do not depend on the translation of Z, and apply Theorem 1.5.
Q
.E.D. § 2 0 Automorphism Groups of Ergodic Equivalence Relations Associated von Neumann Algebras
Measure groupoids play a significant role in the modern ergodic theory. All necessary definitions as well as the detailed exposition of related techniques are contained in [10-12, 18, 19, 24, 25, 29-32] .
Let (jQ, Q) be a measure groupoid and a: G-> AutCQ, Q) an action of a l.c.s. group G by strict automorphisms of the groupoid (Q, Q) such that the map (g, x^a(g)x is Borel (the latter condition will be implicit for all actions of continuous groups on groupoids or measure spaces we shall consider below). This permits one to impose the groupoid structure on G X.Q. Specifically, form the projections r, d: A similar definition was formulated in [32] for automorphism groups of topological groupoids. However, in the case of measure groupoids one needs to work with an automorphism group G consisting of non-strict automorphisms, i.e. isomorphisms between some inessential reductions (i. r.) of the groupoid Q. Thereby some difficulties arise in defining the semidirect product, especially when G is continuous. Nevertheless it will be shown below that a slight reorganization of the original groupoid Q makes all the automorphisms a(g) constituting the G-action on Q to be strict. We shall stick to the case when Q is principal and has discrete orbits. Let 3) be a countable non-singular transformation group on a Lebesgue space (S, /^), v(S) = l. Given any automorphism d^N [3) ], then one can form two families of Borel maps <p r > </>r' -S-»S, /e£D: <p 7 (s) = 6'Ys, <l) 7 
(s)
Denote by A 7S^S the (Borel) set on which <p 7 coincides with ^. It follows from the definition of the full group normalizer that for every /£ 3) the set A 7 = U A rs is just the entire space S (mod 0). The same property is certainly valid for the set Ae= C\ A 7 . Furthermore, let Ve= O
7^3) nt=Z
Aen, and then U e (3)}= Pi 9 k V e . Thus we get a Borel set Ue(3)} which is invariant with respect to 0 n , n^Z, and has measure 1. It also possesses the following property: given any two points x, y^ t/e(5)), then x and y are in the same 3) -orbit iff dx, dy are in the same 3) -orbit. We shall call Uo(3)) the strictness domain for the transformation 0^N [3) ] with respect to 3). Note that a strictness domain for 9 can be also described with respect to any countable transformation group d)\ such that [5) 
Denote by R ® the Borel countable equivalence relation on S associated with the 3) -action. Proof. One can easily see from the above discussion that the dependence of Ua( 9 )(3)} on g is Borel since the map (g,x)->a(g}x and thê -action are Borel. Hence a set A = {(g, x)e G x S: x^ Ua (9 )(3)}} is Borel in G x S. Moreover, this set is conull with respect to the product measure since j^(Ua( 9 )(3))) = l for every g^G. Apply now the Fublni's theorem in order to conclude that the set M x = {g^G: x^ U a (g) (9) )} is conull in G for a.a. x^S.
Let BdS be the Borel set in S with ju-measure 1 consisting of the points x with that property.
Form (g)x, a(g)y) ^R®}. It is straightforward to check the following properties of L(x, y): Q.E.D.
Remark 2.2. The equivalence relation R in the above theorem is a Borel set and therefore it admits the structure of an ergodic equivalence relation [24, p. 203] , and hence the structure of a measure groupoid. This is provided by a measure v on R given by v = jv x dp.(x) y x^S, with v x (E)
Thus we obtain a principal measure groupoid R which is isomorphic to the groupoid R ®, though the isomorphism is not strict.
The correlation GR = R permits one to raise the G-action a on (S, p) to an action by strict automorphisms a(g) of the groupoid (R, [ 
y]): a(g)(x, y) = (a(g)x, a(g)y)
for (x, y)£=R. This enables one to form the semidirect product G®dR which we shall also denote by G®aR ® and thereby associate it with the original groupoid R ®. 
Theorem 2.4. Let A be an automorphism of the groupoid (G, C). Then there exist an automorphism 6 of (Q, Q) and an inner automorphism T of (Q, C) such that A = (0xid)r.

Proof. Since (S, C) is principal, A is completely determined by its restriction to the unit space S (0} =XxT. Set A(x, t) = (Ai(x, t\ A 2 (x, t)).
Choose to^ T so that the set Xx{t Q ] is contained mod 0 in the i.r. of Q on which A is a strict isomorphism. Form a Borel map <p\ X->X, <p(x)= Ai(x, to). Since A is an automorphism, one may assume after discarding a Borel null set that every point in X has at most countable inverse image with respect to <p. This implies that <p(X) is a Borel subset of X with positive measure. Note that the partition of X into the inverse images of 9 is measurable. Hence there is a Borel set SdX with positive measure such that <p is one-one when restricted to S.
Note that A\(x, t) and <p(x) are in the same F-orbit when (x, t) is in some i.r., and hence the maps A and (x, t)->(v(x), t) take almost every pair Or, t) into Fx T-equivalent pairs.
A is an isomorphism, hence 9 should take complete sets into complete ones, and non-complete into non-complete ones (recall that a measurable set in the unit space of a groupoid is said to be complete iff its saturation is conull). Note that the class of complete sets in X is just the class of sets of positive measure due to the countability of F. Thus 9 is non-singular on S.
We shall assume below that the F-action preserves the measure JJL, and fjL(X) = co m The case of type III F-action can be considered in a similar way.
Let Thus 0 x id is pointwise F x T-equivalent to p xid, and hence to A. This implies A-(^xid)"
1 is an inner automorphism of (fi,C). Q.E.D.
The paper by P. Hahn [19] presents a construction which associates to each measure groupoid (M, B) a Banach * -algebra ll(M) together with its regular representation in L Z (M) by convolution operators L/, /eil(Jf).
This permits, in particular, to put in correspondence to each automorphism of the measure groupoid JC an automorphism of the von Neumann algebra L(II(^))", and thereby to impose the notion of module for groupoid automorphisms. We shall describe briefly the corresponding construction for ergodic type II groupoid ( S , C) mentioned above in this section. To begin with, consider the groupoid (£?, Q) with discrete orbits (the discrete reduction of ( S , C)). We shall assume below for simplicity's sake that (Q, Q} is generated by a free action of a countable group 
(r,x)=(r'(x),ex)
with r e (x)^F be such that j 6 (x}Qx=Qjx. d can be raised to an automorphism 0 of the Banach algebra (2.2) It is easy to see that d can be extended to M. The following two lemmas concerning the connection between automorphisms of principal measure groupoids with countable orbits and automorphisms of the associated von Neumann algebras are due to J. Feldman and C. C. Moore [12] .
Lemma 2.5. There is a one-to-one correspondence between the inner automorphisms of the groupoid FxX (or just the elements of the full group [F]) and the classes of unitary operators U^N(Jl} which differ from each other by some unitary
Lemma 2 8 Proof. Let 6 be an inner automorphism of ( S , C). The restriction of 8 to the unit space X x T is defined by some Borel maps <p\ X x T -> F and
</>:XxT-*T:
Let Xx T= U Qr be the partition of the unit space into the inverse Let CQi, Qi) be an orbit groupoid of an ergodic type Hi action of a countable group 3) on a Lebesgue space (S, v). Form the direct product (fii, Ci) = Cax(rx T), QiX[^rx^T]). It is certainly isomorphic to some groupoid (Q/, C) as described before in this section, whose discrete reduction CQ, Q) is type IL>. The following can be easily deduced from Theorem 2.4. Corollary 2.11. Let A be an automorphism of the groupoid (S\, Ci), and mod ^4 = 1.
Then there exist an automorphism 9 of the groupoid (Q\, Q\) and an inner automorphism co of (Q\, C\) such that A = (0xid)a).
Recall that the automorphism <9e N[3) ] for an arbitrary full group [3) ] is said to be inner if 0GE [5) ] and outer otherwise. In a similar way, the action a: G-»Aut (S, v) of a l.c.s. group G such that a(g)^N[3) } for all g e G, is called outer if every transformation a(g) is outer. A sharpening of this notion is given by Definition 2.12. The action a is said to be strictly outer if there exists a conull Borel set BdS such that for all s^B a(g}s^.B and a(g}s=rs for some /e5) implies 7=eg),g=ec.
Clearly every strictly outer action is outer and free. Moreover, the semidirect product G®a/?$ formed in Remark 2.2 is a principal groupoid iff the action a is strictly outer.
It is easy to see that every outer action of a countable group G is also strictly outer, but this is not the case for a continuous group G.
Example 2.13. We shall show how to imbed an arbitrary l.c.s. group G into the normalizer N[3) ] of a type Hi full group [3) ] so that the G-action is strictly outer. Consider the case of noncompact G.
Let ( Y, v) be a free properly ergodic (i.e. non-transitive) Lebesgue Gspace with invariant probability measure v. Form the space (X, fj) = (Y, v) ® which admits a /^-preserving G-action by the automorphisms a(g):
Define also a free ergodic //-preserving 3) -action on (X, JJL): S7j 7, aefl).
This 3)-action clearly commutes with a(g), g^ G, and so a(g}^N[3)].
We claim the action a is strictly outer. Suppose a(g)x = 7x for some x^X, g^G, r^d). Since the actions of G and 3) are free, one may assume that g3=e c , j^e ®. Then x satisfies the condition x S7 =gx s for all d^3), and hence is contained in the Borel set is strictly outer.
A strictly outer action of an arbitrary compact group G can be constructed in a similar way. (h~1)x, t, (g, A) ), and
One can readily check that (f> a and $? are the groupoid isomorphisms and the following is true:
The groupoids G®s(G xff) and G®t(£ xSP) may be written in the form (G®a£)x£* and (G(D^5)x5
> respectively, and they should be approximately finite due to the amenability of G (see the Appendix). Moreover, since the actions a and 0 are strictly outer, the groupoids above should be principal. Hence by [10, Theorem 6.4] there exist the isomorphisms
Since G is unimodular, it follows that the modular homomorphisms [18] of the groupoids G©<?( G x 2>) and G©X S x 5>) are trivial, that is both groupoids are of type II. Hence we may identify Z-actions on S', written in (3.3) and (3.4), and choose them to be of type IIoo.
This permits one to transfer n a and 7r> onto the groupoid (ZxT)x(S' x T). Set up 7Ca=na°Fa~1, Xfi= ftp 0 F^~l and form the corresponding skew products Gx^((ZxT)x(S / xT)), Gx^((Zx T)x(5'x T)). F«, F^ are naturally extended up to the isomorphisms between the skew products:
These induce the actions of G by the automorphisms
It is easy to see that the cocycles n a and np have the dense ranges in G. Using a simple argument, we can replace them by cohomologous cocycles independent of the translation of T. Thus we may apply Corollary 1.6 in order to deduce the existence of a Borel function /: S'x T-»G and an automorphism d^N [Z] such that (see (2.1))
f(n-s, rt)~lx*((n, r),(s, t)))f(s, t)=n,((n 9 (s\ r),(0s, t))
on some i.r. of (Z x T) X (S' x T). Define the map by <f>(g, (n, r\ (s, t)) = (f(s, t)~lg, (n e (s\ r), (0s, t)). Then 0 is a groupoid isomorphism, and
for all g^ G on some i. Proof. Return to the groupoid Gx^a((Zx T)x(S'x T)) we have considered when proving Lemma 3.2. Replace the cocycle x a by a Cohomologous one n, independent of the translation of T, and respectively, pass to the isomorphic skew product. The latter may be written in the form (Gx w (ZxSO)x(Txr).
For (x) for (g, x) ^KxX. Let also the Jf-action on KxX be given by co (g)(h, x) = (hg~1, x) . It is easy to check the following correlations:
Let Rr^SxS be the equivalence relation on S generated by the /"-action. Then Theorem 2.1 implies the existence of a Borel equivalence relation R which agree with R r when restricted to some conull Borel set B C S and such that
Consider the set of pairs R a^X xX\ ( Proof. Since the action a is strictly outer, one may assume, possibly after discarding from S a <2(AO-invariant Borel null set, that each pair (xi, X2)^R a determines uniquely 7t a (xi, x z )^K. It is straightforward to deduce from the condition a(K)R = R that R a is an equivalence relation and Tc a is a cocycle. We shall show in more details that R a and n a are Borel.
Form the Borel function /: KxXxX-»SxS:
Since the projection px*x is injective when restricted to f~l(R), the equivalence relation R a =pxxx(f~l(R)) is Borel. Furthermore, for every Borel set CdK the inverse image 7c a ' 1 
hence n a is a Borel map.
The equivalence relation £ generated by R and the action a of K on S, admits the structure of a measure groupoid (see Remark 2.2). Hence by [31, Theorem 5.6 ] it has a discrete reduction, i.e. a Borel £ -complete set Y\ cS whose intersection with each equivalence class is at most countable. Replacing if necessary Y by its £ -complete Borel subset, one may assume that Y meets every tf-orbit at most once. It follows from the correlation a(K) R = R that the € -saturation of Y\ coincides with the ^-saturation of a(K) Yi. Since the latter saturation is S (mod 0), and R agree with R r on a conull set Be 5, the set a(K)Yi should have the positive measure in S. Now apply the above argument to the reduction of £ by S\a(K) Y\ and thereby obtain the set F 2 , then form in a similar way Ys etc. Let Y = 00 U Yi, then the reduction of £ to Y has at most countable equivalence classes. After discarding a Borel ^-invariant null set the projection of S onto the quotient space X becomes one-to-one when restricted to Y. This projection provides an isomorphism between £\ Y and R a , hence R a has an inessential discrete reduction.
Completion of the proof of Theorem 4.1. R a induces an equivalence relation R a K on KxX: (gi, Xi)^(g 2 , x 2 ) if (x\, x z )^Ra and g\ = n a (xi j x 2 )#2.
The map $ a x <l>a is an isomorphism between R a K and R, hence R a K is Borel.
In virtue of Lemma 4.2 and [11, Theorem 1] we may assume that R a is generated by an action of a countable group 3) a on X, and so R a K is generated by a skew product action K x na X with finite invariant measure Let Va be the projection of the measure (^T 1 )*/* onto X, then S) a -action is ergodic and ^-preserving. Since, due to ^*, the transformations o)(g),g^K, should preserve the measure (fta" 1 )*^, the latter admits the decomposition (^T 1 )*/^/^ x y a , with /^ being the Haar measure of K.
</> a provides also the orbit equivalence between the F-action on S and the skew product action K x n a X, hence the latter is ergodic and approximately finite (equivalently, amenable [5] ) with respect to the measure (^a" 1 )*^-Therefore the 3) a -action on X is also approximately finite [36, Proposition 2.6]. Form in a similar way an equivalence relation Rp on X, a cocycle it? with dense range in K, and a measure y*. Since Rp is also a countable approximately finite type Hi ergodic equivalence relation, one may assume that up to a Borel automorphism of X, R a = Rp=Rx, v a = vp=v. Suppose separable Banach space E, for every homomorphism 9 from R into the group ISO(£) of isometric automorphisms of E y given the strong operator topology, and for every Borel field s\-^>K s of weakly-* -compact convex sets in E* which is invariant under <p in the sense that shows that fix A* is invariant under n^(g}, g^ G.
Resuming the above observations, we see that KT=KC\fiyiA* is a weakly-* -compact convex ;r*-invariant set in L°°(S, £*).
K T is non-void since for A* (hence for the associated affine Z-action) there exists a fixed point in the weakly-# -compact convex set K. Since G is amenable, it possesses a fixed point in KT. This is just the desired invariant section for 9* and the field s\-*K s , and so the amenability of R is proved.
